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Abstract

As nano-engineering emerges as a viable technology, it will soon
be possible to scatter thousands, if not millions, of tiny sensors over a
multi-dimensional region. If the purpose of these sensors is to deter-
mine rate-of-change data, there must be a capability to approximate
derivatives using data from random sensor locations. This paper pro-
poses a powerful, but simple algorithm to generate a finite difference
formulae to approximate derivatives using a random, asymmetric,
one-dimensional grid schemes. In a classic approach, Taylor series
polynomials are used to obtain weights for the approximation formu-
lae. Cramer’s rule provides a procedure to solve the resulting system
of equations. Patterns emerge that invoke properties of the Vander-
monde matrix and Schur polynomials which are used to produce a
closed form solution that is easily coded for computational purposes.
The resulting equations are well suited for the ’scattered sensor’ sce-
nario and could rapidly adjust to changes in the grid resulting from
the loss or addition of one or more sensors.

Key Words finite difference formulae, numerical differentiation, Taylor
series, Vandermonde matrix, Schur polynomials, random one-dimensional
grids..

1 Introduction

Numerical differentiation is useful for approximating rates of change for
data where a function is unknown. The Taylor series provides a vehicle
for generating finite difference formulae for derivatives. A sampling of such
formulae on uniform one-dimensional grids is provided in CRC’s Standard
Mathematical Tables and Formulae [14]. Beyond these, pencil and paper
derivations are possible. Though conceptually simple, this approach is time
consuming. Several authors have developed algorithms for use in concert
with computers that solve for such approximations using various uniform
and non-uniform grid schemes. In an earlier work Keller and Pereyara
present weight tables for derivatives of high order and accuracy on uni-
form grids [5]. Latter Fornberg noted isolated, systematic error’s in this
work and prescribed a scheme that utilizes simple recursion relations in
which he reproduces corrected weight tables, again on uniform grids [3]. In
both papers examples of one-sided, centered, and “half-way point” schemes
are utilized. Fornberg advances his algorithms to non-uniform grids in [4].
Khan and Ohba present closed form expressions for finite difference approx-
imations for use in digital differentiators [6, 7, 8, 9]. In these papers, data
tables are produced that show derivative approximations for sample digital



inputs, however, Khan and Ohba did not derive formulae to determine fi-
nite difference weights. None of the above mentioned papers provided error
estimates for the approximations.

In this paper, a closed form expression is derived that can be used to
approximate any order derivative to any order accuracy on uniform, non-
uniform, or random one-dimensional grids. The resulting equation pro-
duces Taylor series weights as well as error estimates and works equally well
for forward, backward, centered, and non-centered schemes. Approxima-
tion formulae can be obtained for random grid schemes with out additional
computational complexity. In Sections 1 through 4, a four-point random
grid is used to derive approximation formulae for the first, second and third
derivatives. Sections 5 and 6 provide examples which use the prescribed
procedure to generate approximations on a uniform and random grids re-
spectively. In Section 7, the scheme is generalized for any number of grid
points and to approximate derivatives of any order. Sections 8 through 10
provide further examples, using the general equation to determine deriva-
tive approximations on non-centered, half-point, and a priori grid schemes.
Section 11 provides recommendations for future research with regards to
random grid scenarios.

2 Finite Difference Formulae on Randomly
Spaced One-Dimensional Grids up through
the 3" Derivative

The derivation starts with a general four-term Taylor series expansion (with
error term):
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Here a is a real number that represents the relative position from the point
of interest zyp on a one-dimensional grid and h is the grid spacing. Since
a randomly spaced one-dimensional grid is to be employed, we let h = 1.
All information with regards to spacing be contained in a. Using this
convention, equation (1) simplifies to:
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Note that if @ = 0 and if we define 0° = 1 then (2) correctly becomes
Jo=fo.



Using (2) we now construct a set of four equations for four random grid
points a; through ay:
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In the usual manner, obtain an approximation for a derivative by multiply-
ing each line in (3) by a respective weight Q,, and summing. This generates
a new set of equations (remainder terms are excluded for the time being):

Qal ad + Qa2 a9 + Qaa ag + Qa4 ad = 01504,
Qal ak + Qa2 al + Qas aé + Qa4 al = 11614,
Qal a? + Qa2 a3 + Qas a3+ Qa4 a% = 21624,

Qal ad + Qa2 as + Qaa aj + Qa4 a3 = 31934

Here d is the order of the derivative that is to be approximated and d;; is
the Kronecker delta. Equation (4) can be rewritten in matrix form:
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Using weights calculated in (5), the combined remainder is given by:
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where £ can be any value within the range of the grid points. If R = 0, the
next term in the Taylor series must be used to obtain the remainder:
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The linear system in (5) is well structured and is easily extended to incorpo-
rate additional grid points to determine approximation formulae for higher

order derivatives or to provide greater accuracy. A method for solution
follows.

3 A Proposed Solution: From Taylor to Cramer
to Vandermonde to Schur

We now use the system proposed in (5) to solve for €2, in an equation
approximating the first derivative. Applying Cramer’s rule yields:
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The denominator of (8) is the determinant of a Vandermonde matrix V
which is known to be [1, 11]:

H (CL]. - ai)' (9)
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In this example:
det(V) = (a4 — a3)(as — az)(as — a1)(ag — az)(as — a1)(az —a1). (10)

Using cofactor expansion, the numerator reduces to:
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This step generates an initial minor Mg ¢) of the original Vandermonde
matrix V where R and C are the numerical values of the row and column
removed from the matrix. Note that the R = d + 1 and C is tied to the
index w of the weight being calculated (i.e. w =1 for the first weight €, ,
etc.). In this case we are calculating 2, for the first derivative. Therefore
R=2and C =1. In [2, 10, 12] it was shown that:

det (M(g,c)) = $,(ays s, cs -y, )det(V). (12)
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Here V is a Vandermonde matrix the a,, or in this case a,, term removed.
The expression s, is a Schur polynomial where A = —d — 1 and where r
is the number of grid points use in the approximation. A Schur polynomial
in n variables is expressed as follows:
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In this example A = 2 and therefore,
52((12, as, a4) = aqa3 + agas + asas. (14)
Additionally: .
det(V) = (aq — a3)(ag — a2)(az — az), (15)

i.e. the determinant of the Vandermonde matrix with the a, term removed.

Using the results from (10), (14), and (15) produces:
aqas + aqa2 + azas
Q. = . 16
' (a1 —ag)(ar —az)(ar — az) (16)

In a similar manner we derive an expression for the remaining weights:
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These equations work equally well for uniform, non-uniform grids, or ran-
domly generated grids. The procedure presented in this section is next
used to determine weight equations for the second and third derivatives.

4 Expressions for a General Four-Point Ap-

proximation of the Second and Third Deriv-
atives

Again, apply Cramer’s rule to (5) to determine the first weight of the second
derivative:
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Using cofactor expansion, the numerator equals:
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From (12) we have an expression of the determinant in (19):
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Using (9) and (13) the first weight for the four-point approximation of the
second derivative is:
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In similar fashion the remaining weights are:
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This example is completed by stating the easily obtained results for the
weights for the four-point third derivative approximation:
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Numerical examples of these results are provided in the next section two
sections.

5 A Classic Result: Four-Point Central-Difference
Approximations for Derivatives on a Uni-
form Grid

In this example let {a1,az2,a3,a4} = {—2,—1,1,2}. Using (16) and (17)
we have:
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When (6) is used to determine the error term, the result is R = 0, so we
default to (7) which generates:
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Thus the four-point approximation of the first derivative for this grid
scheme is:
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which can be rewritten in the form found in [14]:
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Other approximation formulae that can be generated from this grid scheme
are obtained using (21) through (23) are:
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6 A Not-so-Classic Result: Four-Point Ap-
proximations for Derivatives on a Random
Asymmetric Grid

This section demonstrates the versatility the procedure by extending it to
non-uniform, random, asymmetric grids. Consider the grid-points {a1, az, as,as} =
{—.149,.051,.323,.410}. The equations in the previous sections are so sim-

ply applied that the approximation formulae for the first three derivatives

here stated without derivation:

fo=—3.22f4 +1.80f,, +4.28f,, — 2.25f,, + 7.73%10-4 1 (¢),
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Here féi) = f(z0) and f,, = f(xo+ay,). To provide a numerical example,
the first three derivatives at x = 1 are approximated for:

f(x)zln( ! ) (30)
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The results are summarized in the table below:

Table 1
Numerical Example

1
Approximation of 1st 3 Derivatives for In (1 n
(Evaluated at x = 1)

Grid Points (Relative): {-.149, .051, .323, .410}
Grid Points (Absolute): {.851, 1.051, 1.323, 1.410}

Approximation | Actual | |Difference| | |Remainder |
M) -998 | -1.00 00181 .00296
fA(1) .00838 0.00 .00838 0169
FG () 623 1.00 377 608

In this table, we see that the difference between actual and approximated
values falls within the bounds of the Taylor series remainder. Greater
accuracy or higher order derivatives are possible by increasing the number
of grid points. The following section generalizes the algorithm for any
number of points.

7 A General Case

Consider a general case for a non-uniform grid. We obtain an approxima-
tion f() (x0) using r grid points designated by the integers a; through a..
The necessary Taylor series expressions (without the remainder terms) are:
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After multiplying each expression in (31) by the respective weight Q,, and
summing components, the following result is generated:

ad ... ady o A Qa, 0
d d d
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Applying Cramer’s rule to solve for ,, in (32) yields:
0 0
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The denominator of (33) is:

H (a’j - a’i)? (34)

1<i<j<r

where {a,} = {a1,a2,as, ..., a,}. Using cofactor expansion, the numerator
reduces to:

ad af al
C+R d—1 d—1 d-1
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where R=d+ 1, C =w, and A =r —d — 1. From (12) we know that the
determinant of this matrix is:

det (Mas1,0)) = 8¢y (@ sy nsa,) H (a, —a,). (36)

1<i<j<r
i, jFw
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Using (34) through (36) generates:
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After cancelation, a closed form expression for the finite difference weight
results:

Q, = (_1)(d+w+1)d! S(r—d—n(al’ 0 Ot ...,ar) ' (38)
H (aw - a’i)
1<i#w<r

Note that if a uniform grid is used in the derivation with grid spacing h
where fo, = f(xo + a;h) equation (38) becomes:

a
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In this equation, the values for a; are not required to be sequential integers,
so the grid my still have a random character. In the following examples we
use (39) to generate additional ”not-so-classical” results.

8 Numerical Example: An Asymmetric Grid
with Forward and Backward Elements

Consider a-six term approximation for the 4*" derivative with four back-
ward grid points and one forward grid point. The following system is set

12



up using (32):

[ 1 1 1 11 1 ][] 0

-4 -3 -2 -1 0 1 Q3 0

(=4 (=3)* (-2 (-1 0* 1? Qs 0
= (40)

(=4 (=3)* (=2)* (-1 0° 1* || Q. 0

=" (=3 (=2* (-n* o* 1 Q :_i

| (—4)° (=3 (=2)° (=1)° 0° 1° | [ D | 0

Six grid points are utilized (7 = 6) to determine the 4*" derivative (d = 4),
therefore A = r —d — 1 = 1. The grid point vector is given by a =
[~4,-3,—-2,-1,0,1]. We solve for 3" weight (w = 3) corresponding to

the a, = —2 grid point. The mesh size is h. Substituting these values in
(39) gives:
4! —-4,-3,-1,0,1 14
Q5 = (_1)(3+4+1)_4 51( =3, 0, ) = - (41)
h H (_2 - a’i) h
1<i#3<r

The other weights are obtained in a similar fashion and the error term is
calculated as before resulting in:

o) 1 5h? (6)
fy' (Sl 6 s = 14, + 16, = 9], +2f,) + = [O(€). (42)

The grid points in this example can also be used to calculate weights for
up through the 5! derivative. A summary of weights and remainders is
presented in Table 2.
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Table 2
Summary of Weights for First Five Derivatives
using a Non-Central Grid Scheme

d\w | -4 -3 22 -1 0 1] x Remainder
LG 51 2 B D | e
I N I B B B
B = 1 A
401 6 14 16 -9 2| & [ 22
5 | (-1 5 10 10 -5 1) | & | =2

9 Numerical Example - Approximations Us-
ing Midpoints of Uniform Grids

Here we use the midpoints of a uniform grid. Consider the grid points
{—3h,—2h,—1h,0,1h,2h,3h}. We derive an approximation for the first
derivative at {—%h, —%h, —%h, %h, %h, %h}, ie. a= {—%, —%, —%, %, %, % ,
r=6,d=1and A\ =4 . Using (38) w; is calculated:

) ( 3 113 5)
1|\ 2272720272 3
! h 5 640h (43)
II (e+3
1<i<6

The remaining weights and errors are summarized in Table 3 which includes
data for approximations up through the 5* derivative. Note that the 0"
order derivative in this example is equivalent to interpolation.
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Table 3
Summary of Weights for First Five Derivatives
Using Midpoints of Uniform Grids
d\w | -3 -3 -3 i 3 51 x Remainder
0 (335 56 198 1o8 —356 396) | | ﬁhﬁf(m(@
U & B OB B |t | et
2 | (-3 B -H -4 B B & -ETe
S T e A RO BTl
4G S S B - A
5 | (-1 5 -10 10 -5 )| & 5n277(¢)

10 Numerical Example - A Priori Grid Point
Selection

Now we arbitrarily select grid points. Physically, this might occur in a
sensor network where a number of sensors have become nonfunctional. For
example, consider the 1%, 3"? and 5" grid points in the backwards di-
rection and the 2% and 4" grid points in the forward direction. Do not
include the central point, i.e. a = {-5,-3,—1,2,4} and » = 5. Use a to
approximate f(js), ie. d=3and A =1 . From (39) Q

, is calculated:

3 [ s,(—3,-1,2,4) 1
[0 T T St Bk ek 7/ (44)
! h4 H (a, +5) 42h3

1<i<5

The remaining weights and error term are summarized in Table 4 along
with weights/errors for approximations through the 4" derivative:
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Table 4
Summary of Weights for a Priori Grid Scheme
i\w | -5 -3 -1 2 4] x Remainder
1 2 2 1 5 ()
0 | (a - 12 —5) |1 —h2f(6)
1 9 13 11 31 1 47 ®)
1| (3 ™ s 3 ) | x| el ()
13 23 5 13 1 1 17 ®)
2 | (-2 % —m 1% &) | we || Wl (©)
1 1 1 1 1 23 ®)
3| (-m 0 7 -7 ) [ as || RS
1 6 1 4 4 1 37 ¢®
4 | (5 —35 5 —3 108) | ne | RSO

11 Future Research

In the context of a scattered sensor scenario, it is highly improbable that a
large number of sensors will fall in a linear pattern to allow the construc-
tion of a one dimensional grid. However, there is a liklihood that several
sensors may fall on approximately the same line. Further investigation is
recommended to determine if the data provide from these sensors might by
used to construct finite difference approximations. Specifically, how might
corrections be applied and how would error terms be affected in such an
‘almost’ one-dimensional scheme. It is also recommended that this algo-
rithm be extended to two- and three-dimensional grid schemes, but more
specifically, to schemes were grid point line ups are not orthogonal to each
other.
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