
Richardson Extrapolation for 2‐Point FD Approximation 

I. Derivation: Recall the 3‐point central‐difference approximation for the 1st derivative: 
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c. Therefore:  
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d. Recall that ݔ଴ െ ݄ ൏ ߦ ൏ ଴ݔ ൅ ݄.  Since lim௛՜଴ ߦ ൌ   ,଴ݔ
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e. Therefore:   
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f. Let ܭଵ ൌ െ ଵ

ଶ
݂ᇱᇱሺݔ଴ሻ.  Rewriting the equation above: 
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                      Now if we have information halfway to ݔ଴ i.e. at ݔ଴ ൅ ௛

ଶ
 , we can say that: 
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g. Now I consider the system of 2 equations and I have just created: 
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                      Subtracting yields: 
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h. Recall ݄ܭଵ ൌ ܦ െ ௛ܦ ൅  ሺ݄ሻ, therefore݋
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Subsequent Refinements 

1. General Formula: 
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  Where:              ܾ ൌ  ݎ݋ݐ݂ܿܽ ݁ݖ݅ݏ ݌݁ݐݏ
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a. I.e for ܾ ൌ 2 (i.e. step size factors of ݄/2) the 2nd refinement of ݋ሺ݄ଶሻ is 
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b. I.e for ܾ ൌ 2 (i.e. step size factors of ݄/2) the 3nd refinement of ݋ሺ݄ଷሻ is 
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c. I.e for ܾ ൌ 10 (i.e. step size factors of ݄/10) the for  ݋ሺ݄ଷሻ is 
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